Revisiting the classical electron model in general relativity 
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Abstract Motivated by ear lier studies (jTiwari et al, 
1984k Herrera fc Varela 1994 ). we model electron as a 
spherically symmetric charged perfect fluid distribution 
of matter. The existing model is extended assuming a 
matter source that is characterized by quadratic equa- 
tion of state in the context of general theory of rela- 
tivity. For the suitable choices of the parameters, our 
charged fluid models almost satisfy the physical prop- 
erties of electron. 

Keywords Electromagnetic mass; General relativity; 
Einstein-Maxwell field equations. 



1 Introduction 

Attempts to give a classical model of charged particles, 
in particular, ele ctrons, have b een going on since the 
time of Lorentz ( Lorentzl 1904 ). The model proposed 
by Lorentz in which electrons have only 'electromag- 
netic mass' and no 'true' or 'mechanical mass' is com- 
monly known as the Electromagnetic Mass Model. He 
assumed electron to be an extended object consisting 
of pure charge and no matter. This model was proved 
to be unstable but later on with the arrival of special 
relativity, the model was subsequently improved. The 
model was motivated from the hypothesis that gravita- 
tional mass and other physical quantities emerge from 



Farook Rahaman 
Mubasher Jamil 
Kaushik Chakraborty 

1 Department of Mathematics, Jadavpur University, Kolkata, In- 
dia. Email: farook_rahaman@yahoo.com 

2 Center for Advanced Mathematics and Physics, National Uni- 
versity of Sciences and Technology, Islamabad, Pakistan. Email: 
mj amil@ camp .nust.edu.pk 

3 Department of Physics, Government Training College, Hooghly - 
712103, West Bengal, India. Email: kchakraborty28@yahoo.com 



the electromagnetic field alone. In the past, this model 
has been investigated in the classical, quantum and 
relativistic regimes, and we are here re-analyzing the 
same model in the last sche me. The earli est develop- 
ments were made by Lorentz ( Lorentzlll892 ) by describ- 
ing the properties of particles b y their interactio n with 
the ether. Further, Thomson ((Thomson! Il88ll ) found 
that the kinetic energy of the charged sphere increases 
by its motion through a medium of finite specific in- 
ductive capacity, and he concluded that this increase 
in kinetic energy results in the increase of mass of the 
charged sphere, a phenomenon later on termed as the 
'electromagne tic mass'. Later on, the improvement was 
made by Mie ( Mid 1912 ) through constructing a model 
of electrons having their origin from the electromag- 
netic fields alone. The drawbacks of Mie's model were 
later removed by the Einstein's general theory of rel- 
ativity, with the inclusion of g ravitational m ass in the 
model to stabilize the electron ( Einstein! 19191 ) (see also 



( Herrera fc Varelalll994 ; Rahamanl 20091 ) for the history 



of the electromagnetic mas s model). 



Tiwari and co-workers (jTiwari et al.l 119841 ) gave an 
extensive model of electron in the context of general 
relativity. They assumed electron as charged sphere 
of perfect fluid and obtained the pressure inside the 
charged sphere negative. It vanishes at r = a, where 
a is the radius of the sphere . This result was later ex- 
plained by Gron ( Gronlll985 ) in the context of vacuum 
polarization. Tiwari et al showed that in their model 
the gravitational mass, pressure and mass density of 
electr on vanishes when charge is zero (jTiwari fe Rav 
In a pioneering work, Bonnor and Cooperstock 



1991) 



(jBonnor fc Cooperstockl 119891 ) discussed the model of 
electron as a static charged sphere that obeys Einstein- 
Maxwell theory of relativity and found that it must con- 
tain some negative rest mass density. Moreover, they 
found that the electron has negative active gravitational 
mass within the sphere of radius a = 10~ 16 cm. Her- 
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rera and Varela (jHerrera fc Varelalll994l) proposed an 
electromagnetic mass model satisfying the pure charge 
condition, p + p = 0, p and p being the pressure and 
mass density respectively. They obtained energy den- 
sity to be negative for the radius 10 -16 cm which is 
experimentally verified upper limit of the radius of elec- 
tron. Some authors have also discussed the Electromag- 
netic mass models in different context ( Radinschill2008 ; 
Radinschi et~al1l2008t iRavlbood iRav et al.ll2008h . 

Recently a new model has been proposed a quadratic 
EoS to describe h omogeneous and inhomogeneous cos- 
molo g ical models ( Noiiri fc Odintsovl2005 ; Ananda fe B 



with the electromagnetic tensor field and an isotropic 
fluid. The solutions with some particular cases arc 
given in section 3. 



2 Basic equations for constructing 
electromagnetic mass model 

The static spherically symmetric space-time is given by 
the line-element (in geometrized units with G = 1 = c) 



20061 : ICapozziello et all l2006t )". This quadratic EoS, 
p = po + ap + j3 p 2 , where po, a and /3 are parame- 
ters, is nothing but the Taylor expa nsion of arbitrary 
barotropic EoS, p(p). According to (jAnanda fc Bruni 
200G). the quadratic EOS may describe dark energy or 
unified dark matter. In the string theory, the gravity is 
a truly higher dimensional interaction, which becomes 
effectively 4D at low enough energies. In brane world 
models, inspired by string theory, the physical fields in 
our four dimensional Universe are confined to the three 
brane, while gravity can access the extra dimension. 
In brane world scenario, the gravity on the brane can 
be described by the modified 4-dimensional Einstein's 
equations which contain (i) , which is quadratic 
in the stress energy tensor of matter confined on the 
brane (ii) the trace less tensor E^, originating from the 
5D Wcyl tensor. Although , one neglects the 5D Weyl 
tensor contributions (under reasonable assumption) in 
these equations, in spite of that the quadratic term of 
energy density appears in the 4-dimcnsional effective 
energy momentum tensor and should play a significant 
role of different characteristics of the models. So, it 
is not unnatural to choose quadratic form of the EoS. 
And this quadratic form of the EoS is obviously the 
specific form of the arbitrary barotropic EoS, p(p). 

To search the matter source that characterized the 
electromagnetic mass remains an elusive goal for the- 
oretical physicists. As discussed earlier, motivated by 
the result in the brane world models, we try to ex- 
plore the possibility that the electromagnetic mass be 
supported by quadratic EoS. We have found some spe- 
cific solutions of Einstein-Maxwell equations describing 
Electromagnetic Mass for a matter source that is char- 
acterized by quadratic EoS. As we are interested to as- 
sume the EoS is quadratic in the energy density, w e 
take the following form of EoS ( Ananda fc Brunill2006 ). 
p = ap + ftp 2 where, a, /3 are parameters. At first we 
take these parameters as arbitrary, but restrictions on 
these parameters may be specified later. 

The paper is organized as follows: In Section 2, we 
provide the Einstein-Maxwell field equations combined 
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iere the arbitrary functions v(r) and A(r) depend on 
the radial coordinate r only. As the electromagnetic 
mass of the electron consists of its density and charge, 
the corresponding stress-energy tensor should contain 
both parts accordingly, hence we take 



rp(mass) 
rp(charge) 
rp(total) 



{p + p)u^u v -pg^ v , (2) 
j-(-F, lv F^' + ^F vx F^), (3) 

rp(mass) , rp(charge) / a\ 



For the metric (1), the Ein stein— Maxwell field equa- 
tions are (jTiwari et al.lll984f ) 
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Here p(r), p(r) and E(r) represent the fluid pres- 
sure, energy density and electric field, respectively, for 
a charged fluid sphere. In our model, we use the 
quadratic equation of state 



p(r) = ap(r) + f3[p(r)} 2 . 

The electric field is expressed as 

(r 2 E)' = ATrr 2 ae^. 



(9) 



Here a{r) is the charge density on the sphere. Eq. (9) 
gives the following form for the electric field 



EM = \ f A-K^ae^dr' = 



(10) 



with q(r) is the total charge of the sphere under con- 
sideration. Also, the hydrodynamical equilibrium con- 
dition (T.y = 0) is given by 



dp v 1 1 dq 2 

dTr + ip + p) J = 8^^- 



(11) 
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The above expression represents the Tolman-Oppenheimer- 
Volkoff equation for a charged sphere. In the next sec- 
tion, we are going to solve the equations (5) — (10), to 
get the metric coefficients. These solutions describe 
different type of charged fluid spheres for given effec- 
tive densities. For a sphere of radius ro, the pressure 
must vanish at ro and consequently the pressure gradi- 
ent must be decreasing function of r. Since p + p = 
(due to the fact v + A = 0), it yields that density to 
vanish at the surface too. To avoid this inconsistency, 
it is necessary that the sphere must be charged. 



3 Solutions of Einstein-Maxwell field equations 

One can note that the term ere "2 occurring inside the in- 
tegral sign in equation (10), is equivalent to the volume 
charge density. We will discuss two models assuming 
the volume charge density being polynomial function 
of r. Hence we use the condition 



(12) 



where s is arbitrary constant and the constant cto is 
the cha rge density at r = , the center of th e charged 
matter (jTiwari fc RavHl99ll lRahamanll2009t ). 



(Jsing the field equations and the above obtained pa- 
rameters, we get the first metric coefficient as 
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Similarly, from Eq. (6) we obtain the second metric 
coefficient as 
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r dr. 
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3.1 Electron model with constant effective radial 
pressure 

In this specialization, we assume the effective radial 
pressure is constant as 



where M(r) = J 47rr 2 T °dr = 4 7 r/r 2 ( i o + E 2 /8Tr)dr, 


is the effective gravitational mass. One can find the 

exact analytical forms of (19) for different values of the 

parameter s. 
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3.1.1 s = 



where po is an arbitrary constant. Here, we assume 
effective radial pressure is minimum at the center, r = 
and equal to constant, say p . Equation (9) together 
with (12) yields 
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Using equations (8), (13) and (14), one gets the follow- 
ing expressions of pressure and energy density as 
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3.2 Electron model with constant effective energy 
density 

In this specialization, we assume the effective energy 
density is constant as 



p e ff = 8np + E 2 = p 



(30) 



where p is an arbitrary constant. We assume here 
the effective energy density has just opposite behavior 
to the previous case i.e. it is maximum at the center, 
say po- In this case the forms of E and q are same as 



(14) and (15). Following the procedure in the previous 
section, the other parameters can be found as 



P 
P 

-A 



po 2na 2s+2 



in (s + 3) 2 



2 7ro O r 2s+2 



= 1 - 



8tt (s + 3) 2 

PO 27TCT 2 



-8tt (s + 3) 2 
Par 2 



2s+2 



Jre\8. P -E 2 + ±)dr-J^, 



(31) 

(32) 

(33) 
(34) 



which gives 



otpo 



1 -dr.** 



1 _ Boll 8tt J l _ Esll 

3 J 3 



<7r 



8w 2 (27ra + %) 



( S + 3)= 



„2s+3 



(l-*f 



-dr 



32ttV^ 
' (s + 3) 2 



„4s+5 



1 _ Pll! 
1 3 



dr 



16tt 2 ct 2 



(s + 3) 2 J !_£ 



-dr 



dr 



dr 
r 



(35) 



On simplification, we obtain 
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4 Discussions 

We have provided two new toy electromagnetic mass 
models which suggest that mass of electron has the 
ultimate origin from the electromagnetic field alone. 
For this, we have considered a static spherically sym- 
metric charged perfect fluid with the quadratic EoS 
p = ap + (3p 2 . In the first model, the total effective 
pressure is taken to be a combination of the barotropic 
pressure and the one generated due to the electric field. 
While in the second model, the effective energy density 
is taken to be sum of barotropic energy density and due 
to the electric field. The parameter in the EoS, namely 
a is related to sound speed for the fluid as follows: The 
squared of sound velocity, v 2 = dp/ dp = a + 2(3 p, is 
always positive irrespective of matter density. In lit- 
erature, more generally employed EoS parameter uj is: 
uj = pj p = a + (3pa. Hence, a is related to sound speed 
and EoS parameter as a = 2oj — v 2 . 

Ac cording to previous m odels (IHerrera fc Varela 



1994 : Bonnor fc Cooperstock 19891) . an electron (ex- 
perimentally obtained radius r ~ 10~ 16 cm, the inertial 
mass m ~ 10 _56 cm, charge Q ~ 10~ 34 cm in relativis- 
tic units) is modeled as a charge fluid sphere obeying 
Einstein-Maxwell theory. So, the interior metric should 
be matched with the exterior Rcissncr-Nordstrom met- 
ric. If M be the effective gravitational mass within the 
fluid sphere, then matching at the junction interface 
implies M = m — Putting the above values of in- 
ertial mass, charge and radius of the electron, one gets 
the value of the effective gravitational mass within the 



fluid sphere is 



10 



-52 r 



Since, we have studied two models assuming the vol- 
ume charge density being polynomial function of r, so 
for both the models the electric field and total charge 
of the sphere under consideration are the same. If we 
assume the charge density <jq at r — 0, the center of the 
charged matter is ctq ~ 10 12 , then charge of the fluid is 
nearly equal to q ~ 10~ 34 cm in relativistic units (see the 
fig 1) which is equivalent to the charge of electron. In 
a similar way, if one assumes the suitable values of the 
parameters, then all physical parameters like, pressure, 
density and effective gravitational mass of the charged 
fluid that represents the electron can be obtained (see 
figs. 3, 4 and 5). 

In model 1, one can note that for the following val- 
ues of the parameters: ctq ~ 10 12 , s = 0, a = — 10~ 4 , 



/3 = —0.1, the term 



Air a „1 

3/3 



is the dominating term in 



equation (20). In this case the effective gravitational 
mass ~ — 10~ 52 (see the figure 5). Note that this result 
of negative mass is consistent with that of [12], if the 
size of electron is taken to be less then 10 _16 cm. This 
negative mass and gravitational repulsion is a signature 



of the strain of the vacuum due to vacuum polarization 
[8] . For model 2, if one chooses the values of the param- 
eters po = — 10~ 4 and s — , then the effective gravi- 
tational mass ~ — 10 -52 (see the figure 8). In figs. (4) 
and (7), we see that the energy density p has decreas- 
ing behavior against the radial parameter and it takes 
negative values. This behavior arises since p = —p for 
p > (vacuum fluid). Thus figures (3) and (6) manifest 
the rising behavior of pressure. 

In the present work, we have considered charged fluid 
of radius ~ 10~ 16 ( i.e. electron ) obeying quadratic 
equation of state. We hope other people would be mo- 
tivated by our approach and in future will try to ex- 
trapolate the present investigation to the astrophysical 
bodies, specially quark or strange stars. 
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Fig. 1 The diagram of the Electric charge q with respect 
to radial coordinate r for s — 0. 
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Fig. 2 The diagram of the Electric field strength E with 
respect to radial coordinate r for s = 0. 
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Fig. 3 The diagram of the radial pressure p with respect 
to radial coordinate r for s = 0. 




Fig. 4 The diagram of the energy density with respect to 
radial coordinate r for s = 0. 
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Fig. 5 The diagram of the effective gravitational mass 
function M with respect to radial coordinate r for suitable 
values of the parameters. 
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Fig. 6 The diagram of the radial pressure p with respect 
to radial coordinate r for s — for model 2. 
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Fig. 7 The diagram of the energy density p with respect 
to radial coordinate r for s = for model 2. 
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Fig. 8 The diagram of the effective gravitational mass 
function M with respect to radial coordinate r for the model 
2 for suitable value of the parameter, po = — 1CP 4 . 



